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SOME TOPOLOGICAL AND COMBINATORIAL PROPERTIES
PRESERVED BY INVERSE LIMITS
JAVIER CAMARGO AND CARLOS UZCA´TEGUI
Abstract. We show that the following properties are preserved under inverse limits: count-
able fan-tightness, q+ , discrete generation and selective separability. We also present several
examples based on inverse limits of countable spaces.
1. Introduction
A space X is Fre´chet if for all A ⊆ X and x ∈ A there is a sequence in A converging to x.
It is well known that this property is not productive. A stronger form of Fre´chetness, which
is productive, is bisequentiality. In the class of countable spaces, bisequentiality is closed
related to two properties of combinatorial nature. A space X has countable fan-tightness [2],
if for all x and all sequence of subsets An ⊆ X with x ∈ An, there is Kn ⊆ An finite, for
each n ∈ N, such that x ∈
⋃
nKn. X is a q
+ space, if for all A ⊆ X , all x ∈ A and any
partition (Fn)n of A into finite sets, there is S such that S ⊆ A, x ∈ S and S ∩ Fn has at
most one element for each n. Every countable sequential space if q+ (see [20, proposition
3.3]). Moreover, a countable regular space with analytic topology (see the definition in the
next section) is bisequential iff it has countable fan-tightness and is q+ (see [18, Theorem
7.65]).
Under CH there is a pair of Fre´chet spaces with countable fan-tightness whose product is
Fre´chet but does not have countable fan-tightness [16]. However, there are not such examples
with analytic topology ([20]). We do not know whether q+ is productive, nevertheless, we
will show that the product of a countable metric space and a q+ space is again q+ .
It is known that the inverse limit of Fre´chet spaces might not be even sequential (see for
instance Example 6.8). Nogura [13, 14] studied when the inverse limit of Fre´chet spaces
is also Fre´chet. We continue this line of investigation by studying some other properties
of countable spaces which are preserved under inverse limits. We focus on countable fan-
tightness, q+ , discrete generation and selective separability. We recall that X is discretely
generated [6], denoted DG, if for every A ⊆ X and x ∈ A, there is E ⊆ A discrete such that
x ∈ E. X is selectively separable [15], denoted SS, if for any sequence (Dn)n of dense subsets
of X there is Kn ⊆ Dn finite such that
⋃
nKn is dense in X . DG and SS are not productive
(see [12] and [3] respectively). Countable fan-tightness implies SS [4] and also DG [5] but it
does not imply property q+ (see Example 6.6).
We recall that an heredirary class of spaces is closed under countable products iff it is closed
under finite products and inverse limits. Countable fan-tightness, DG and q+ are hereditary
properties, but SS is not. We will show that all those four properties are preserved under
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inverse limits. The proof for q+ is presented for countable spaces with analytic topology.
Our original motivation was to construct countable crowded spaces with analytic topology
satisfying some of those properties. For instance, we construct a countable crowded space
with analytic topology which is DG, SS and q+ , but does not have countable fan-tightness
(see Example 6.5).
2. Preliminaries
An ideal on a set X is a nonempty collection I of subsets of X satisfying: (i) A ⊆ B and
B ∈ I, then A ∈ I and (ii) If A,B ∈ I, then A ∪ B ∈ I. The ideal is not trivial if X 6∈ I
and when every finite subset of X belongs to I the ideal is called free. We will assume that
all ideals are free. If A ⊆ X , then I ↾ A is the ideal on A given by {B ⊆ A : B ∈ I}. Notice
that I ↾ A is not trivial only when A 6∈ I. We denote by Fin the ideal of finite subsets of
N. Let X be a topological space and x ∈ X non isolated. The neighborhood ideal of x is
defined as follows:
(2.1) Ix = {A ⊆ X : x 6∈ A \ {x}}.
A ideal I is p+, if for every decreasing sequence (An)n of sets not in I, there is A 6∈ I such
that A ⊆∗ An for all n ∈ N (where A ⊆
∗ B means that A \ B is finite). It is easy to check
that X has countable fan-tightness iff Ix is p
+ for all x ∈ X .
The notion of a q+ space can be expressed as a property of the ideals Ix. An ideal I over
a countable set is q+ , if for every A 6∈ I and every partition (Fn)n of A into finite sets, there
is S 6∈ I such that S ⊆ A and S ∩ Fn has at most one element for each n. Thus X is a
q+ space, if Ix is q
+ for all x. This notion was motivated by Ramsey theoretic properties of
ideals (see [9, 18]).
We use [11] as a general reference for all descriptive set theoretic notions. A Polish space is
a completely metrizable and separable space. A subset A ⊆ X of a Polish space X is called
analytic, if it is a continuous image of a Polish space. Equivalently, if there is a continuous
function f : NN → X with range A, where NN is the space of irrationals. Every Borel
subset of a Polish space is analytic. We say that a topology τ over a countable set X is
analytic, if τ is analytic as a subset of the Cantor cube 2X = {0, 1}X (identifying subsets of
X with characteristic functions). A regular countable space has analytic topology iff it can
be embedded in Cp(N
N) (see [19, 20, 21] for more information about analytic topologies).
If there is a base B of X such that B is a Fσ subset of 2
X , then we say that X has a Fσ
base. Typical examples of spaces with analytic topology are the countable sequential fan
and Arens’ space. A space is crowded if does not have isolated points.
Given a sequence of spaces Xn, n ∈ N and continuous functions f
n+1
n : Xn+1 → Xn, the
inverse limit is the following subspace of the product
∏
nXn:
X∞ = {(xn)n ∈
∏
n
Xn : xn = f
n+1
n (xn+1) for all n ∈ N},
usually denoted by lim←−{Xn; f
n+1
n }n∈N. Let X be a space and f : X → X a continuous
map. When Xn = X and f
n+1
n = f , for each n ∈ N, then the inverse limit is denoted by
lim←−{X ; f}. The projection functions pin : X∞ → Xn are defined by pin(xm)m = xn. We
denote fmn = f
m
m−1 ◦ f
m−1
m−2 ◦ ... ◦ f
n+1
n whenever m > n. The following is a basic fact that will
be used several times (see e.g. [7, Proposition 2.5.5]).
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Proposition 2.1. Given an inverse sequence {Xn; f
n+1
n }n∈N, the family of subsets pi
−1
n (V ),
for V ⊆ Xn open and n ∈ N, is a base for X∞.
Proposition 2.2. Let {Xn; f
n+1
n }n∈N be an inverse sequence of countable spaces with analytic
topology. Then the topology of any countable subset of X∞ is analytic. Moreover, if each Xn
has a Fσ base, then every countable subset of X∞ also has a Fσ base.
Proof. Let τn be the topology on Xn, for n ∈ N. Let Y ⊆ X∞ be countable. For each n ∈ N,
consider the function Fn : 2
Xn → 2Y given by
Fn(V ) = pi
−1
n (V ) ∩ Y = {(yk)k ∈ Y : yn ∈ V }, for V ⊆ Xn.
Then each Fn is continuous. Since we are assuming that τn is an analytic subset of 2
Xn , then
Fn[τn] is also analytic. Thus
⋃
n Fn[τn] is an analytic base for the topology of Y . Therefore
the topology of Y is also analytic (see [19, Proposition 3.2]). Notice that if Bn is a Fσ base
for τn, then
⋃
n Fn[Bn] is Fσ base for X∞. 
3. Property q+
As we said in the introduction, we do not know if property q+ is productive. In this section
we look at that issue. We only treat the case when the spaces have analytic topolgy, since
we need to use the following theorem.
Theorem 3.1. (Jalali-Naini, Talagrand [17, Theorem 1, pag 32]) Let I be an ideal over a
countable set X containing all finite subsets of X. Suppose I has the Baire property as a
subset of 2X . Then there is a partition (Kn)n of X into finite sets such that
⋃
i∈AKi 6∈ I for
all infinite A ⊆ X.
We use the following consequence of the previous theorem.
Lemma 3.2. Let X be a countable regular space with analytic topology. Let A ⊂ X and
x ∈ A \A. Suppose (Gk)k is a partition of A into finite sets. Then there is B ⊆ N such that
x ∈ (
⋃
k∈B
Gk) ∩ (
⋃
k 6∈B
Gk).
Proof. Let A and x be as in the hypothesis. Let Ix be the ideal given by (2.1) on A as a
subspace of X . Since the topology of X is analytic, then Ix is analytic and thus has the
Baire property. Let (Ki)i be a partition of A into finite sets as given by Theorem 3.1 applied
to Ix. Recursively define B such that there are infinite many i such that Ki ⊂
⋃
k∈B Gk and
also infinitely many i such that Ki ⊂
⋃
k 6∈BGk. 
Theorem 3.3. Let X be a countable q+ regular space with analytic topology and Y a count-
able regular space with a countable base. Then X × Y is q+ .
Proof. Since Y is second countable, then its topology is analytic and so is the topology of
X × Y . Let p = (x0, y0) ∈ X × Y , A ⊆ X × Y such that p ∈ A, and {Fi : i ∈ N} be a
pairwise disjoint family of finite sets such that A =
⋃
i∈N Fi. By a repeated application of
Lemma 3.2, there is a partition {Li : i ∈ N} of N such that Li is infinite and p ∈
⋃
n∈Li
Fn
for each i ∈ N. Fix a countable local base (Vk)k at y0. We claim that for each i ∈ N, there
exists Si ⊆
⋃
n∈Li
Fn such that:
1. |Si ∩ Fn| ≤ 1, for each n ∈ Li;
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2. y0 ∈ pi1(Si); and
3. Si ⊆ X × Vi.
Let Wi = X × Vi, then p ∈
⋃
n∈Li
(Fn ∩Wi). Let G1 = pi1(F1 ∩Wi) and Gn+1 = pi1(Fn+1 ∩
Wi) \ Gn, for each n ∈ Li. It is clear that
⋃
n∈Li
Gn =
⋃
n∈Li
(Fn ∩Wi) and Gi ∩ Gj = ∅
whenever i 6= j. Since X is a q+ space, there is Ri ⊆
⋃
n∈Li
Gn, |Ri ∩ Gn| ≤ 1 for each
n ∈ Li, and x0 ∈ Ri. It is easy to see that there exists Si ⊆
⋃
n∈Li
(Fn ∩ Wi) such that
|Si ∩ (Fn ∩Wi)| ≤ 1, for each n ∈ Li, and pi1(Si) = Ri. The proof of the claim is complete.
Finally, let S =
⋃
i∈N Si. Observe that S ⊆
⋃
n∈N Fn and |S ∩ Fn| ≤ 1, for each n ∈ N.
We have to show that p ∈ S. Let U = O× Vk be an open subset of X × Y such that p ∈ U .
Since x0 ∈ Rk, Rk ∩ O 6= ∅. Thus, there exists z ∈ Sk such that pi1(z) ∈ Rk ∩ O. Since
Sk ⊆ X × Vk, then pi2(z) ∈ Vk. Therefore, z ∈ S ∩ U and p ∈ S.

Now we will show that the inverse limit of q+ spaces with analytic topologies is also q+ .
First we show an auxiliary result.
Lemma 3.4. Let {Xn; f
n+1
n }n∈N be an inverse sequence with inverse limit X∞. Let A ⊆ X∞
and let p = (pn)n∈N ∈ X∞ such that p ∈ A\A. If there exists an increasing sequence (nk)k∈N
in N and Ok ⊆ X∞ open with p ∈ Ok such that pnk /∈ pink(A ∩Ok) \ {pnk}, for each k ∈ N,
then there is a sequence (ai)i∈N in A \ {p} such that limi→∞ ai = p.
Proof. Let Unk be an open subset ofXnk such that pnk ∈ Unk and Unk∩(pink(A∩Ok)\{pnk}) =
∅, for each k ∈ N. Since p ∈ pi−1nk (Unk) and A∩Ok 6∈ Ip, we have that pi
−1
nk
(Unk)∩ ((A∩Ok) \
{p}) 6= ∅, for each k ∈ N. Let zk ∈ pi
−1
nk
(Unk) ∩ ((A ∩ Ok) \ {p}), for each k ∈ N. We will
show that limk→∞ zk = p. Let W be an open subset of X∞ such that p ∈ W . Hence, there
exist i0 ∈ N and an open Vi0 ⊆ Xi0 such that p ∈ pi
−1
i0
(Vi0) ⊆ W (see Proposition 2.1). Let
nl ≥ i0. It suffices to show that zj ∈ pi
−1
i0
(Vi0), for all j ≥ l. Fix j ≥ l. Since f
nj
i0
: Xnj → Xi0
is a continuous map, there is an open Vnj ⊆ Xnj such that pnj ∈ Vnj and f
nj
i0
(Vnj ) ⊂ Vi0 .
Thus, pi−1nj (Vnj ) ⊆ pi
−1
i0
(Vi0). We claim that
pi−1nj (Unj ) ∩ ((A ∩ Oj) \ {p}) ⊆ pi
−1
nj
(Vnj ∩ Unj) ∩ ((A ∩ Oj) \ {p}).
In fact, let x ∈ pi−1nj (Unj ) ∩ ((A ∩ Oj) \ {p}). Then, pinj (x) ∈ Unj ∩ pinj (A ∩ Oj). Since
Unj ∩ (pinj (A ∩ Oj)) \ {pnj}) = ∅, pinj(x) = pnj . Thus, x ∈ pi
−1
nj
(Vnj ∩ Unj) and we are done.
Since zj ∈ pi
−1
nj
(Unj) ∩ (A ∩ Oj) \ {p}), then from the claim we have that zj ∈ pi
−1
j (Vnj).
Therefore, zj ∈ pi
−1
i0
(Vi0), for each j ≥ l. 
Theorem 3.5. Let {Xn; f
n+1
n }n∈N be an inverse sequence of countable spaces with an analytic
topology. If Xn is a q
+ space, for each n ∈ N, then every countable subspace of X∞ is q
+ .
Proof. Let Y be a countable subset ofX∞, and p = (pn)n∈N ∈ Y . Let A ⊆ Y such that p ∈ A,
and {Fi : i ∈ N} be a pairwise disjoint family of finite subsets of Y such that A =
⋃
i∈N Fi.
If there exists a sequence (zn)n∈N in A \ {p} such that limn→∞ zn = p, then it is not difficult
to show that there is S ⊆ A such that p ∈ S and |S ∩ Fn| ≤ 1, for each n ∈ N. Hence, we
assume that such sequence (zn)n does not exist and thus, by Lemma 3.4, there exists i0 ∈ N
such that pj ∈ pij(A) \ {pj}, for each j ≥ i0. Let n1 ≥ i0. We define a sequence (Gi)i of
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subsets of Xn1 as follows: Let G0 = pin1(F0) and, for each i > 0, let
Gi = pin1(Fi) \
i−1⋃
j=0
Gj.
Notice that
• Gn is finite, for each n ∈ N;
•
⋃
n∈N pin1(Fn) =
⋃
n∈NGn;
• Gi ∩Gj = ∅, whenever i 6= j.
We are going to define an increasing sequence (ni)i of natural numbers, a sequence (Bi)i of
subsets of N and a sequence (Si)i of sets with Si ⊆ Xni , for all i, such that
(1) (Bi)i is pairwise disjoint.
(2)
⋃
k∈Bi
Gk 6∈ Ipni and
⋃
k 6∈Bi
Gk 6∈ Ipni .
(3) Si 6∈ Ipni , Si ⊂
⋃
k∈Bi
Gk and |Si ∩Gk| ≤ 1, for all k ∈ Bi.
(4)
⋃
k 6∈Bi
Fk 6∈ Ip.
Let us suppose that (Bi)i, (Si)i and (ni)i have being constructed and we finish the proof.
Let S∗i ⊆
⋃
k∈Bi
Fk be such that
• |S∗i ∩ Fk| ≤ 1, for each k ∈ Bi;
• pini(S
∗
i ) = Si.
Let S =
⋃
i∈N S
∗
i and B =
⋃
i∈NBi. Then |S ∩ Fn| ≤ 1, for each n ∈ B. We will be done if
we show that p ∈ S. Let W be an open subset of X∞ such that p ∈ W . By Proposition 2.1,
there exist k ∈ N and an open set Vk ⊆ Xk such that pk ∈ Vk and pi
−1
k (Vk) ⊆ W . Let l ∈ N
such that nl > k. Since f
nl
k : Xnl → Xk is a continuous map, there is an open set Vnl ⊆ Xnl
such that pnl ∈ Vnl and f
nl
k (Vnl) ⊆ Vk. Hence, pi
−1
nl
(Vnl) ⊆ pi
−1
k (Vk) ⊆ W . Since Sl 6∈ Ipnl ,
Vnl ∩ Sl 6= ∅. Then S
∗
l ∩ pi
−1
nl
(Vnl) 6= ∅. Thus, S ∩ pi
−1
nl
(Vnl) 6= ∅ and, since pi
−1
nl
(Vnl) ⊆ W ,
S ∩W 6= ∅. Therefore, p ∈ S.
Now we start the construction of (Bi)i, (Si)i and (ni)i. We have already chosen n1. Since
the topology on Xn1 is analytic, by Lemma 3.2, there exists D ⊆ N such that⋃
k∈D
Gk 6∈ Ipn1 and
⋃
k 6∈D
Gk 6∈ Ipn1 .
Since A = (
⋃
k∈D Fk)∪(
⋃
k 6∈D Fk), we have that
⋃
k∈D Fk 6∈ Ip or
⋃
k 6∈D Fk 6∈ Ip. Without loss
of generality, we suppose that
⋃
k 6∈D Fk 6∈ Ip and we let B1 = N \D. Since
⋃
k∈DGk 6∈ Ipn1
and Xn1 is a q
+ space, there exists S1 6∈ Ipn1 such that S1 ⊂
⋃
k∈D Gk and |S1 ∩Gk| ≤ 1, for
all k ∈ D.
We will present one more step in the construction and the pattern will be clear. Let
A1 =
⋃
k 6∈B1
Fk. By construction, p ∈ A1. As in the first step, we can assume that there is
no sequence (zn)n∈N in A1 \ {p} such that limn→∞ zn = p. Thus we can apply Lemma 3.4
to get n2 > n1 such that pn2 ∈ pin2(
⋃
i∈B1
Fi) \ {pn2}. We repeat the same argument used in
the first step but now to the set A1 and the partition (Fk)k 6∈B1 and find B2 ⊂ N \ B1 and a
partial selector S2 ⊆ Xn2 for the partition (Gk)k 6∈B1 . 
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4. Countable fan-tightness
In this section we show that countable fan-tightness is preserved under inverse limits. We
star with an auxiliary result.
Lemma 4.1. Let f ∈ Y X and let (An)n∈N be a decreasing sequence of subsets of X. Suppose
B ⊆ f(A0) and B ⊆
∗ f(An), for each n ∈ N. If B ∩ (∩n∈Nf(An)) is (at most) countable,
then there exists D ⊆ A0 such that D ⊆
∗ An, for each n ∈ N, and f(D) = B.
Proof. Let B∩(∩n∈Nf(An)) = {bn : n ∈ N}. Since bn ∈ f(An), for each n ∈ N, let an ∈ An be
such that f(an) = bn. Let Fn = B ∩ (f(An) \ f(An+1)), for each n ∈ N. Since B ⊆
∗ f(An+1),
then Fn is finite, for each n ∈ N. Let Ln ⊆ An \ An+1 be a finite set such that f(Ln) = Fn,
for each n ∈ N.
Let
D = (∪n∈NLn) ∪ {an : n ∈ N}.
It is clear that D ⊆ A0. We check that D ⊆
∗ An, for each n ∈ N. In fact, let i0 ∈ N.
Since (An)n∈N is a decreasing sequence, we have that Li ⊆ Ai0 , for each i ≥ i0. Hence,
∪i≥i0Li ⊆ Ai0 . Furthermore, {an : n ∈ N} ⊆
∗ Ai0 and Li is finite, for each i ∈ {0, ..., i0 − 1}.
Therefore, D ⊆∗ Ai0 , and D ⊆
∗ Aj for each j ∈ N.
Finally, we verify that f(D) = B. Since f(Ln) = Fn ⊆ B and f(an) = bn ∈ B, for each
n ∈ N, we have that f(D) ⊂ B. Conversely, let y ∈ B. If y ∈ Fn (i.e., y ∈ f(An) \ f(An+1)),
for some n, then, since f(Ln) = Fn and Ln ⊆ D, y ∈ f(D). Otherwise, y ∈ ∩n∈Nf(An),
then y = bk, for some k ∈ N. Thus, y = f(ak) and y ∈ f(D). Therefore, B ⊆ f(D) and
f(D) = B. 
Theorem 4.2. Let {Xn; f
n+1
n }n∈N be an inverse sequence of countable spaces and let X∞ be
the inverse limit of {Xn; f
n+1
n }n∈N. If Xn has countable fan-tightness, for each n ∈ N, then
X∞ also has it.
Proof. Let z = (zn)n∈N ∈ X∞, we will show that Iz is p
+. Let (An)n∈N be a sequence of
subsets of X such that An+1 ⊆ An and z ∈ An, for each n ∈ N. We have to show there is
A 6∈ Iz such that A ⊆
∗ An, for each n ∈ N. We consider two cases.
Case 1. For each k ∈ N, there exist nk, mk ≥ k, such that znk /∈ pink(Amk) \ {znk}. Let
Unk be an open set such that znk ∈ Unk and Unk ∩ (pink(Amk) \ {znk}) = ∅, for each k ∈ N.
Since Amk 6∈ Iz , pi
−1
nk
(Unk)∩(Amk \{z}) 6= ∅, for each k ∈ N. Let ak ∈ pi
−1
nk
(Unk)∩(Amk \{z}),
for each k ∈ N and A = {ak : k ∈ N}. Since mk ≥ k, for each k ∈ N, and (An)n∈N is a
decreasing sequence, we have that Aml ⊆ An, for each l ≥ n. Thus, A ⊆
∗ An for each n ∈ N.
We will show that z ∈ A. Let W be an open set such that z ∈ W . Then, there exist
l ∈ N and an open set Vl ⊆ Xl, such that zl ∈ Vl and pi
−1
l (Vl) ⊆ W. We prove that
al ∈ W . Let nl, ml ≥ l. By construction, znl /∈ pinl(Aml) \ {znl}. Since f
nl
l : Xnl → Xl is
a continuous map, there exists an open set Vnl such that znl ∈ Vnl and f
nl
l (Vnl) ⊂ Vl; i.e.,
pi−1nl (Vnl) ⊆ pi
−1
l (Vl) ⊆W .
We claim that
(4.1) pi−1nl (Unl) ∩ Aml ⊆ pi
−1
nl
(Unl ∩ Vnl) ∩Aml .
In fact, let y ∈ pi−1nl (Unl)∩Aml . Hence, pinl(y) ∈ Unl∩pinl(Aml). Since Unl∩(pinl(Aml)\{znl}) =
∅, then pinl(y) = znl . Thus, y ∈ pi
−1
nl
(Unl ∩ Vl) ∩Aml and (4.1) holds.
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Therefore, pi−1nl (Unl)∩Aml ⊆ pi
−1
nl
(Vnl) ⊆ pi
−1
l (Vl) ⊆W , by (4.1). Hence, al ∈ W , W ∩ (A \
{z}) 6= ∅, and z ∈ A.
Case 2. There exists k0 ∈ N such that pin(Am) 6∈ Izn , for each n,m ≥ k0. Let Pk0 , Pk0+1, ...
be a pairwise disjoint family of infinite subsets of N such that N =
⋃
i≥k0
Pi. Let j ≥ k0.
Since (pij(Am))m∈Pj is a decreasing sequence of sets not in Izj and Izj is p
+, there exists
Bj 6∈ Izj such that Bj ⊆
∗ pij(An), for each n ∈ Pj . Let nj = minPj, since Bj \ pij(Anj) is
finite, we may suppose that Bj ⊆ pij(Anj ). By Lemma 4.1, there exists B˜j ⊆ Anj such that
B˜j ⊆
∗ An, for all n ∈ Pj, and pij(B˜j) = Bj . Thus, we have constructed a sequence B˜j ⊆ Anj ,
for j ≥ k0, where nj = minPj. Let B˜ =
⋃
j≥k0
B˜j. We will show that B˜ ⊆
∗ An, for all n ∈ N
and B˜ 6∈ Iz.
(a) Let m0 ∈ N. Since (Pj)j≥k0 is a partition of N, there is l ≥ k0 such that {0, ..., m0} ⊆
∪lj=k0Pj . For each i ∈ {k0, ..., l}, let ri ∈ Pi such that ri > m0. We will show that
B˜ \ Am0 =
⋃
j≥k0
(
B˜j \ Am0
)
⊆
l⋃
i=k0
(
B˜i \ Ari
)
.
Let x ∈ B˜ \ Am0 . Hence, x ∈ B˜j for some j ≥ k0. If j > l, then nj = minPj > m0, hence
B˜j ⊆ Anj0 ⊆ Am0 and B˜j \ Am0 = ∅. Thus,
⋃
j≥k0
(B˜j \ Am0) =
⋃l
i=k0
(B˜i \ Am0). Since
Arj ⊆ Am0 , for each j ∈ {k0, ..., l}, then
⋃l
i=k0
(B˜i \ Am0) ⊆
⋃l
i=k0
(B˜i \ Ari). Therefore,
B˜ \ Am0 ⊆
⋃l
i=k0
(B˜i \ Ari).
Since B˜i \ Ari is finite, for all i ∈ {k0, ..., l}, we have that B˜ ⊆
∗ Am0 . Therefore, we have
shown that B˜ ⊆∗ An, for all n ∈ N.
(b) Let W be an open set with z ∈ W . Thus, there exist j ≥ k0 and an open set Vj ⊆ Xj
such that zj ∈ Vj and pi
−1
j (Vj) ⊆ W . Since Bj ∈ Czj , Bj ∩ Vj 6= ∅. As pij(B˜j) = Bj, then
B˜j ∩ pi
−1
j (Vj) 6= ∅ and B˜ ∩W 6= ∅. Therefore, B˜ 6∈ Iz. 
5. Discrete generation and selective separability
The product of two discretely generated spaces is not necessarily discretely generated. In
fact, Murtinova [12] constructed under CH two countable Fre´chet spaces whose product is not
discretely generated. Our next result shows that inverse limit preserves discrete generation.
Theorem 5.1. Let {Xn; f
n+1
n }n∈N be an inverse sequence such that Xn is a regular space,
for each n ∈ N. If Xn is discretely generated, for each n ∈ N, then the inverse limit
X∞ = lim←−{Xn; f
n+1
n }n∈N is also discretely generated.
Proof. Let p = (pn)n∈N ∈ X∞ and let A ⊆ X∞ such that p ∈ A \ {p}. We will show that
there is a discrete D ⊆ A \ {p} such that p ∈ D.
Case 1: Suppose there exists an increasing sequence (nk)k∈N in N and Vk ⊆ X∞ open with
p ∈ Vk, for k ∈ N such that pnk /∈ pink(A ∩ Vk) \ {pnk} for all k ∈ N.
In this case, by Lemma 3.4, there is a sequence in A \ {p} converging to p which provides
the required discrete set.
Case 2: There exists n0 such that pn ∈ pin(A ∩ V ) \ {pn}, for each n ≥ n0 and each V ⊆ X∞
with p ∈ V .
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Case 2a: There are n ≥ n0, E ⊆ Xn discrete and D ⊆ A \ {p} such that pin(D) = E and
|pi−1n (x) ∩D| = 1 for all x ∈ E and p ∈ D.
We claim that D is discrete and thus the conclusion holds. In fact, let z ∈ D. Since E is
discrete and pin(z) ∈ E, there exists an open set U ⊆ Xn such that U ∩ E = {pin(z)}. Since
|D∩pi−1n (x)| = 1, for each x ∈ E, we have that pi
−1
n (U)∩D = {z}. Therefore, D is a discrete
subset of A.
Case 2b: For all n ≥ n0, all E ⊆ Xn discrete and all D ⊆ A \ {p} such that pin(D) = E and
|pi−1n (x) ∩D| = 1 for all x ∈ E, we have that p /∈ D.
We will construct sequences of sets (Vk)n≥n0, (Dn)n≥n0 and (En)n≥n0 such that
(i) Vn ⊂ X∞ is open, p ∈ Vn and Vn+1 ⊆ Vn,
(ii) En ⊆ Xn \ {pn} is discrete, pn ∈ En, Dn ⊆ A \ {p?} is discrete, pin(Dn) = En,
|pi−1n (x) ∩Dn| = 1 for all x ∈ En, Dn ⊆ Vn and Dn ∩ Vn+1 = ∅,
We start the construction. Let Vn0 = X . Since pn0 ∈ pin0A \ {pn0} and Xn0 is discretely
generated, there is En0 ⊆ Xn0 \ {pn0} is discrete with pn0 ∈ En0 . Let Dn0 ⊆ A \ {p?} such
that |pi−1n0 (x)∩Dn0| = 1 for all x ∈ En0. By the argument used in Case 2a, we have that Dn0
is discrete. By the hypothesis of case 2b, we know that p /∈ Dn0. Let Vn0+1 be an open set
containing p such that Vn0+1 ⊆ Vn0 and Vn0+1 ∩Dn0 = ∅. Now we repeat the process inside
A ∩ Vn0+1 and find Dn0+1 and En0+1 as required. The rest of the construction is analogous
to the first step.
Let D =
⋃
n≥n0
Dn. Since D∩ (X \Vn) = Dn0 ∪ · · ·∪Dn−1, then D is discrete. Finally, we
prove that p ∈ D. Let m ∈ N and Um be an open subset of Xm such that p ∈ pi
−1
m (Um). Let
n > max{n0, m}. Since f
n
m : Xn → Xm is continuous, there exists an open set Un such that
pn ∈ Un and f
n
m(Un) ⊆ Um. Thus, pi
−1
n (Un) ⊆ pi
−1
m (Um). Since pn ∈ En, then Un ∩ En 6= ∅.
Hence, pi−1n (Un) ∩Dn 6= ∅. Therefore, D ∩ pi
−1
n (Un) 6= ∅ and p ∈ D. 
We recall that an heredirary class of spaces is closed under countable products iff it is
closed under finite products and inverse limits. Since DG is a hereditary property, then we
immediately get the following.
Corollary 5.2. (Alas-Wilson [1, Theorem 2.5]) Let Xn be a discretely generated regular
space for each n ∈ N. Suppose that for each m,
∏m
i=1Xi is discretely generated. Then∏∞
i=1Xi is discretely generated.
Now we show that SS is preserved under inverse limits. We denote byDS(X) the collection
of all dense subsets of X . We start with an auxiliary result.
Lemma 5.3. Let X∞ = lim←−{Xn; f
n+1
n }. Then , E ⊆ X∞ is dense, if and only if pin(E) ⊆ Xn
is dense, for each n ∈ N.
Proof. If U ∩ pin(E) = ∅, for some n ∈ N, then pi
−1
n (U) ∩ E = ∅. Conversely, let V be an
open set of X∞. Then, there are n0 ∈ N and U ⊆ Xn0 open, such that pi
−1
n0
(U) ⊆ V . Since
pin0(E) ∈ DS(Xn0), pin0(E) ∩ U 6= ∅. Therefore, E ∩ pi
−1
n0
(U) 6= ∅ and E ∈ DS(X∞). 
Theorem 5.4. Let X∞ = lim←−{Xn; f
n+1
n }, where Xn is SS. Then X∞ is SS. Moreover, if
each Xn is hereditarely SS, then so is X∞.
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Proof. Let (Dn)n∈N be a sequence in DS(X∞). Let {Ln : n ∈ N} be a partition of N such
that Ln is infinite, for each n ∈ N. Observe that (pii(Dn))n∈Li is a sequence in DS(Xi), for
each i ∈ N. Fix i ∈ N. Since Xi is SS, there exists Kn ⊆ pii(Dn) finite, for each n ∈ Li, such
that
⋃
n∈Li
Kn ∈ DS(Xi). For each n ∈ Li, let Nn ⊆ Dn finite, such that pii(Nn) = Kn. It
is clear that
⋃
n∈NNn is dense in X∞, by Lemma 5.3.
Suppose now that eachXn is hereditarely SS and let Z ⊆ X∞. Then Z = lim←−{pin(Z); f
n+1
n ↾
pin+1(Z)} (see [7, Proposition 2.5.6, p.100]). Hence, Z is SS. Since Z is dense in Z, Z is SS.
Therefore, X∞ is hereditarely SS. 
6. Examples
We present examples of inverse limit of the form lim←−{Z, f}, where Z is a countable space
with only one accumulation point. But first, we collect some facts about inverse limits of
countable spaces that have only one non isolated point.
6.1. Inverse sequences of filters. Suppose Z = N ∪ {∞} is a space such that ∞ is the
only accumulation point. Then F∞ = {A ⊆ N : ∞ ∈ intZ(A ∪ {∞})} is the neighborhood
filter of∞. Conversely, given a filter F over N, we define a topology on N∪{∞} by declaring
that each n ∈ N is isolated and F is the neighborhood filter of ∞. We denote this space by
Z(F). This is done analogously on any countable set X instead of N.
Given two ideals I and J on countable sets X and Y respectively, we say that I is below
J in the Kateˇtov order, denoted by I ≤K J , if there is f : Y → X such that f
−1(E) ∈ J
for all E ∈ I. For more information about this pre-order we refer the reader to [8, 9, 10].
Let I∗ and J ∗ be the corresponding dual filters. We will abuse the notation and consider
f : Z(J ∗) → Z(I∗) by letting f(∞) = ∞, then f : Z(J ∗) → Z(I∗) is clearly continuous.
Conversely, if there is f : Z(J ∗)→ Z(I∗) continuous with f(∞) =∞ and f(Y ) ⊆ X , then
I ≤K J .
Proposition 6.1. Given two ideals I and J on countable sets X and Y respectively. Let
f : Y → X.
(1) If f : Z(J ∗)→ Z(I∗) is continuous, then I ≤K J .
(2) If f witnesses that I ≤K J , then f : Z(J
∗)→ Z(I∗) is continuous.
(3) If f is onto and f : Z(J ∗)→ Z(I∗) is closed, then J ≤K I and f is open.
(4) If f is injective and f : Z(J ∗)→ Z(I∗) is open, then J ≤K I and f is closed.
Proof. (1) and (2) are straightforward. To see (3), let g : X → Y be such that f ◦ g = 1X .
Let D ⊆ Y in J , then g−1(D) ⊆ f(D) for D ⊆ Y . Since D is closed in Z(J ∗), then f(D) is
closed in Z(I∗). Hence f(D) ∈ I and thus g−1(D) ∈ I. We have shown that J ≤K I. To
see that f is open, observe that X \ f(A) ⊆ f(Y \ A) for all A ⊆ Y .
For (4), let g : X → Y be such that g ◦f = 1Y . Let D ⊆ Y , then f(Y \D) ⊆ g
−1(Y \D) =
X \ g−1(D). As f is open, if D ∈ J , then f(Y \D) ∈ I∗, thus g−1(D) ∈ I. We have shown
that J ≤K I. To see that f is closed, observe that f(Y \A) ⊆ X \ f(A) for all A ⊆ Y . 
From the previous observation we get that any sequence of ideals (In)n together with
functions fn witnessing that In ≤K In+1 corresponds to an inverse sequence {Z(I
∗
n), fn}n.
There are strictly increasing transfinite sequences in the Kateˇtov order of length ω1 (see [8]).
Next proposition says that any countable increasing sequence has an upper bound which can
be defined using an inverse limit.
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Proposition 6.2. Let {In, fn} be a ≤K-increasing sequence of ideals over N. Let X∞ be the
inverse limit of {Z(I∗n), fn}n. Let p ∈ X∞ be the constant sequence ∞. There is a countable
discrete set D ⊆ X∞ \ {p} such that p ∈ D and
In ≤K Jp
for all n, where Jp is the dual ideal of the neighborhood filter of p in the space D ∪ {p}.
Proof. For each n ∈ N, let xn ∈ pi
−1
1 (n) and D = {xn : n ∈ N} ∪ {p}. Clearly D is discrete
and p ∈ D. Let fn = pin ↾ D : D → pin(D). Then fn witness that In ↾ pin(D) ≤K Jp for all
n. Clearly In ≤K In ↾ pin(D) and therefore In ≤K Jp for all n. 
Given a filter F , the following result will be used to construct a countable spaces X
without isolated points such that Z(F) embeds into X .
Proposition 6.3. Let F be a filter on N and Z = Z(F). Let f : Z → Z be a continuous
and closed surjection such that f(∞) = ∞. Let X∞ = lim←−{Z, f}. For each n ∈ N, pick
xn ∈ pi
−1
1 (n) and let Y = {xn : n ∈ N} ∪ {p}, where p ∈ X∞ is the constant sequence ∞.
Then the map i : Z → X∞ given by i(n) = xn and i(∞) = p is an embedding.
Proof. First, notice that each xn is isolated in Y , since {xn} = pi
−1
1 ({n}) ∩ Y . Now we show
that the collection of sets pi−11 (V ), for ∞ ∈ V ⊆ Z open, is a basis for p in X∞. Since f is
continuous and onto, f is open, by Proposition 6.1. Thus, f−1(∞) = {∞}.
Let W ⊆ Z open with ∞ ∈ W and k ∈ N, k > 1. Then pi−1k (W ) is a basic open set
containing p. We will show that there is V ⊆ Z open such that ∞ ∈ V and pi−11 (V ) ⊆
pi−1k (W ). Let U = (f
k−1)−1(fk−1(W )). Then U is open and ∞ ∈ U . Let A = U \W notice
that ∞ 6∈ A and A is closed (note that A may be empty). Then V = fk−1(W ) \ fk−1(A) is
open and ∞ ∈ V .
We see that pi−11 (V ) ⊆ pi
−1
k (W ). Let x ∈ X∞ such that pi1(x) ∈ V and suppose that
pik(x) /∈ W . Since f
k−1(pik(x)) = pi1(x) and pi1(x) ∈ f
k−1(W ), we have that pik(x) ∈
(fk−1)−1(fk−1(W )) = U . Thus, pik(x) ∈ U \W = A. Since f
k−1(pik(x)) = pi1(x), pi1(x) ∈
fk−1[A]. A contradiction.
To see that i is an embedding, we have to show that A ∈ F iff {xn : n ∈ A}∪{p} is open
in Y , for any A ⊆ N. In fact, {xn : n ∈ A} ∪ {p} is open in Y iff there is B ∈ F such that
pi−11 (B ∪ {∞}) ∩ Y ⊆ {xn : n ∈ A} ∪ {p} iff there is B ∈ F such that B ⊆ A. 
Proposition 6.4. Let F be a filter on N and Z = Z(F). Let f : Z → Z be a continuous
bijection. Let p ∈ X∞ be the constant sequence ∞. Then p is the only non isolated point of
X∞ = lim←−{Z, f}. The neighborhood filter, Fp, of p is generated by the sets pi
−1
1 (f
k(W )) for
W ∈ F∞ and k ∈ N. Moreover,
Fp = pi
−1
1 (
⋃
k
fk(F)).
Proof. Since f is bijective, then each pik is bijective, X∞ is countable and each pi
−1(n) is
an isolated point. On the other hand, by Proposition 2.1, Fp is generated by the collection
of sets pi−1k (W ) for W ⊆ Z open with ∞ ∈ W and k ∈ N. Since f
k−1 ◦ pik = pi1, then
pi−11 (f
k−1(A)) = pi−1k (A) for all A ⊆ Z and we are done. To verify the last claim, we observe
that, by the continuity of f , F ⊆ f(F), hence fk(F) ⊆ fk+1(F). Thus
⋃
k pi
−1
1 (f
k(F)) is a
filter and we are done. 
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6.2. Some examples.
Example 6.5. There exists a regular crowded countable space X with analytic topology such
that it is q+ , discretely generated, SS and does not have countable fan-tightness.
The space X will be a subspace of an inverse limit of the form lim←−{Z, f}. We first define
the space Z. Consider the following ideal on N× N:
Fin× Fin = {A ⊆ N× N : {n ∈ N : {m ∈ N : (n,m) ∈ A} 6∈ Fin} ∈ Fin}.
Let Z = Z(F) where F is the dual filter of Fin × Fin. It is clear that the topology of Z
is analytic. To check that Z is q+ , it suffices to observe that it is (homeomorphic to) a
subspace of Arens space S2. On the other hand, Fin×Fin is not p
+, in fact, consider the sets
An =
⋃
k≥n{k} × N ∈ Fin× Fin. Hence Z has no countable fan-tightness.
Let f : Z → Z be any function such that:
(a) f(∞) =∞;
(b) f−1({n}×N) = {n}×N, for each n, and f−1((n,m)) has two points for each (n,m) ∈
N
2.
Let fn+1n = f , for each n ∈ N. It is not difficult to see that f is a continuous, closed and
open surjection. Let X∞ = lim←−{Z, f}. By Proposition 2.2, Theorems 3.5, 5.1, and 5.4, every
countable subspace of X∞ has a Fσ basis, is q
+ , discretely generated and SS.
By Proposition 6.3, there is an embedding i : Z → X∞ such that |pi
−1
1 (n,m) ∩ i(Z)| = 1,
for each (n,m) ∈ N × N. By (b), X∞ has no isolated points, so let Dn,m ⊆ pi
−1
1 (n,m) be a
countable set without isolated points, such that |Dn,m ∩ i(Z)| = 1, for each (n,m) ∈ N×N.
Let X =
⋃
(n,m)∈N×ND(n,m) ∪ {p}. Since i(Z) ⊆ X and i(Z) has not countable fan tightness,
then X neither has it.
Example 6.6. There exists a regular crowded countable space X with a Fσ basis such that
it is discretely generated, SS, has countable fan-tightness and is not q+ .
We first define an ideal on N. Let (Ln)n be a partition of N such that |Ln| = 2
n for all
n ∈ N. Consider the following ideal on N:
I = {A ⊆ N : ∃k ∈ N, ∀n ∈ N |A ∩ Ln| ≤ k }.
Let Z = Z(I∗). It is clear that the topology of Z is analytic. It is obvious that Z is not q+ .
Notice that I is a Fσ subset of 2
N, therefore Z is p+ (this is well known, see for instance, [9,
Lemma 3.3]). Moreover, by Proposition 2.2, every countable subspace of X∞ has a Fσ basis.
Let f : Z → Z be any surjective function such that:
(a) f(∞) =∞;
(b) f−1(Ln) = Ln+1, for each n, and f
−1(x) has two points for each x ∈ N.
Let fn+1n = f , for each n ∈ N. It is not difficult to see that f is a continuous, closed and
open map. Let X∞ = lim←−{Z, f}. It is obvious that Z is hereditarely SS. By Proposition 2.2,
Theorems 5.1 and 5.4, every countable subspace of X∞ has analytic topology, is discretely
generated and SS.
By (b), X∞ has no isolated points. For each n ∈ N, let Dn ⊆ pi
−1
1 (n) be a countable set
without isolated points. Let X =
⋃
n∈NDn∪{p}. By Proposition 6.3, there is an embedding
from Z into X , therefore X is not q+ .
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Example 6.7. There exists a regular crowded countable space X such that it is discretely
generated, SS, has not countable fan-tightness and is not q+ .
Let (Ln)n be a partition of N such that |Ln| = 2
n for all n ∈ N and I be the ideal as
defined in Example 6.6. Consider the following ideal on N× N:
J = {A ⊆ N× N : ∀n ∈ N, {m ∈ N : (n,m) ∈ A} ∈ I}.
It is easy to verify that J is neither q+ nor p+.
Let f : N→ N be an onto map such that f−1(Ln) = Ln+1, for each n, and f
−1(x) has two
points for each x ∈ N. Let Z = Z(J ∗). Consider g : Z → Z given by g(n,m) = (n, f(m)) and
g(∞) =∞. Let X∞ = lim←−{Z, g}. As in the previous example, let D(n,m) ⊆ pi
−1
1 ((n,m)) be a
countable set without isolated points, for each (n,m) ∈ N×N. Let X =
⋃
(n,m)∈N×ND(n,m)∪
{p}. By Proposition 6.3, there is an embedding from Z into X . Therefore X is the required
space.
Every countable sequential space is q+ (see [20, Proposition 3.3]). Our last example shows
that sequentiality is not preserved by inverse limits, this was known (see [7, 3.3.E(b), p.156]),
but our example is different.
Example 6.8. Let Z be the countable sequential fan, i.e., Z = Z(F) where F is the filter
on N× N given by
A ∈ F ⇔ ∀n ∈ N, {m ∈ N : (n,m) 6∈ A} ∈ Fin.
Let f : Z → Z be given by f(∞) =∞ and
f(n,m) =
{
(0, n) if m = 0;
(n+ 1, m− 1) if m 6= 0.
Then X∞ = lim←−{Z, f} is not sequential.
Clearly f is continuous and bijective. It is easy to verify that A ∈ fk(F) iff {m ∈ N :
(n,m) 6∈ A} is finite for all n ≥ k. Therefore, by Proposition 6.4, X∞ = Z(Fp) and Fp is
isomorphic to
⋃
k f
k(F) the later is clearly the dual filter of Fin × Fin. It is not difficult to
verify that X∞ is not sequential by embedding it into Arens space.
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